Abstract: Let K(2 N ) be the class of compact subsets of the Cantor space 2 N , furnished with the Hausdorff metric. Let ∈ C (2 N ). We study the map ω : 2 N → K(2 N ) defined as ω ( ) = ω( ), the ω-limit set of under . Unlike the case of -dimensional manifolds, ≥ 1, we show that ω is continuous for the generic self-map of the Cantor space, even though the set of functions for which ω is everywhere discontinuous on a subsystem is dense in C (2 N ). The relationships between the continuity of ω and some forms of chaos are investigated.
Introduction
One finds in the literature a variety of definitions of chaos for continuous self-maps of a compact space. Common to all, however, is the idea that points arbitrarily close together can have orbits or ω-limit sets that spread out or are far apart. For example, the notions of topological entropy and Li-Yorke chaos make explicit use of the separation of trajectories, while Devaney chaos incorporates sensitivity as well as the requirement that nearby points must generate distinct ω-limit sets. These ideas are developed at some length in [7, 14, 22] .
A notion of chaos developed by Bruckner and Ceder for continuous self-maps of the interval focuses instead on the behaviour of the map ω : I → K(I) that takes a point in I to its ω-limit set ω( ) [11] . There, they find that the Baire class of ω determines quite a lot of the possible dynamical behaviour of the function . In particular, ω is rarely continuous, ω is always in the second Baire class, and ω in the first Baire class determines a notion of non-chaos strictly intermediate to positive topological entropy and Li-Yorke chaos. That is, ( ) > 0 =⇒ ω is not of Baire class 1 =⇒ is Li-Yorke chaotic but none of the reverse implications is true. Bruckner and Ceder also characterize the Baire class of the map ω in terms of the structure of the ω-limit sets generated by .
In [26] , Yano studies the generic properties of continuous self-maps of manifolds with dimension at least 1. As Yano shows that the typical map in C (M) possesses a horseshoe like structure K , we can conclude that positive topological entropy, Devaney chaos on the subsystem K , and Li-Yorke chaos are all present on a dense and open set of functions in C (M). Conversely, when one considers the Cantor space 2 N , Hochman [18] shows that the typical element in C (2 N ) has zero topological entropy, D'Aniello and Darji [12] show that the typical element in C (2 N ) has not only zero topological entropy but it is also Devaney chaotic on no subsystem K contained in 2 N . Most recently, Bernardes and Darji [3] establish that the typical in C (2 N ) has no Li-Yorke pair.
Our work can be viewed as a continuation of that of [3, 11, 12, 18, 26] . After establishing definitions, notation and other background material in Section 2, we develop our main results in Section 3. In particular, we show that for a dense set of functions in C (2 N ), the map ω is everywhere discontinuous on a subsystem K ⊆ 2 N . Nevertheless, for a typical function in C (2 N ) the map ω : 2 N → K(2 N ) is continuous. We also give a direct proof showing that the typical in C (2 N ) has no Li-Yorke pair, providing the results of [3, 12] mentioned above as corollaries. In Section 4 we study the behaviour of the map ω : X → K(X ) when the topological system (X ) is Devaney chaotic. There, we find that there are only two possibilities: either ω is everywhere discontinuous, or ω is continuous precisely on the set { ∈ X : ω( ) = X }. In Section 5 various examples are presented to illustrate the relationship between the behaviour of ω , and the chaotic nature of : 2 N → 2 N .
Definitions and background material
Definition 2.1.
A topological dynamical system (X ) is a compact metric space X and a continuous self-map of X .
We denote the space C (X X ) comprised of all continuous maps from X into X , simply by C (X ). We endow this set with the sup norm and hence it forms a complete and separable metric space. We also consider K(X ), the space of all non-empty closed subsets of X , endowed with the Hausdorff metric H. This space (K(X ) H) is compact.
Let Y be a complete metric space. We say that a generic (or a typical) element of Y has property P if the set of elements of Y which have property P contains a dense G δ subset of Y . Equivalently, the set of those elements of Y which do not satisfy property P is a meager subset of Y , i.e., it is the union of countably many nowhere dense sets [24] .
A topological space is a Cantor space if it is homeomorphic to the middle 1/3-Cantor subset of the unit interval. Every non-empty, compact, perfect, zero-dimensional metric space is a Cantor space. Our model of the Cantor space, in this paper, is Σ = {0 .
Positive topological entropy
The definition we use is due to Bowen [9] and Dinaburg [15] . Let (X ) be a compact metric space and ∈ C (X ). For each ∈ N, define on X the metric as log N( ) Among the many important properties of topological entropy is the fact that topological entropy is an invariant of topological conjugacy. The shift map has entropy equal to ln 2. For more information on topological entropy see [10] .
Devaney chaos
Let (X ) be a compact metric space without isolated points and ∈ C (X ). A point ∈ X is a transitive point of if its
The function is said to be transitive if it has a transitive point.
We say that the system (X ) is Devaney chaotic if the following conditions hold:
(a) (X ) is transitive;
(b) the set of periodic points of is dense in X ;
(c) has a sensitive dependence on initial conditions, i.e., there is > 0 such that for all ∈ X and > 0, there exist ∈ X within of and ∈ N such that ( ( ) ( )), the distance between ( ) and ( ), is greater than .
It is a well-known result that conditions (a) and (b) imply (c). For example, see [2, 16] , or [1] . We say that (X ) is Devaney chaotic on a subsystem if there is a perfect subset K of X such that (K ) = K and K , the restriction of to K , is Devaney chaotic. The shift map is Devaney chaotic. For example, see [12] . For more information on transitivity and on Devaney chaos we refer the reader to [14, 27] .
Li-Yorke chaos
A function is chaotic (in the sense of Li and Yorke) if there exists an uncountable set S such that lim sup
for each distinct and in S [22] .
Devaney chaos implies Li-Yorke chaos [19, 21, 23] and positive topological entropy implies Li-Yorke chaos [5] . If X is the unit interval we have that positive topological entropy is equivalent to Devaney chaos on a subsystem. In the general setting of compact metric spaces there are no implications between positive topological entropy and Devaney chaos on a subsystem [6, 20, 25] . See [4] for a good discussion of the relationships that exist between various notions of chaos defined on compact spaces.
Bruckner-Ceder chaos on the unit interval
Let ∈ C (I), and consider {ω( ) : ∈ I}, the family of ω-limit sets of , endowed with the Hausdorff metric. This space is compact [8] . Bruckner and Ceder in [11] ask questions related to the continuity of the map ω : → ω( ). They find that ω is rarely continuous. It is always in (at most) the second Baire class. In particular they prove that
with none of these implications being reversable.
The following theorem is implicit to the results found in [26] .
Theorem 2.2 ([26]).
Let M be a compact -dimensional manifold with ≥ 1. The set
is everywhere discontinuous on a subsystem is dense and open.
The proof of Theorem 2.2 rests on the existence of a horseshoe for a dense and open set of functions in C (M). In particular, there exists a subsystem K topologically conjugate to the shift map on a finite number of symbols. Thus, ( K ) > 0, K is Devaney chaotic and ω : K → K(K ) is everywhere discontinuous. In contrast, the conclusion of Theorem 2.2 is no longer valid when our attention is turned to maps on the Cantor space.
Theorem 2.3 ([12]).
The generic ∈ C (2 N ) has zero topological entropy and it is Devaney chaotic on no subsystem.
Main results
Our primary interest is the behaviour of the map taking to its ω-limit set ω( ). We begin by showing that ω : X → K(X ) always has a certain degree of regularity, as reflected by the Borel class of ω . Theorem 3.1.
Let X be a compact metric space and let ∈ C (X ). Then ω is of Borel class 2.
Proof. Let K be a compact set and { : = 1 2 } be a countable dense subset of K . Let > 0. It will suffice to show that { :
and only if ∈ A ∩ B. It is easily verified that
Clearly, A is an F σ and B is a G δσ set so that A ∩ B is a G δσ set, completing the proof.
In the proof of the next result extensive use is made of the fact that 2 N and (2 N ) N are homeomorphic.
Theorem 3.2.
The set BCC = ∈ C (2 N ) : ω is everywhere discontinuous on a subsystem is dense in C (2 N ).
Proof. Let 
and
. As proved in [12] , F has infinite topological entropy and is Devaney chaotic.
As in [12] , since each V is a Cantor space, we may find a homeomorphism :
for all 0 ≤ ≤ − 1, and we define 3 , a modification of 2 on
−1
=0 V , by setting 
. It suffices to show that the sets { ∈ X : ω F ( ) = X } and
, where by {0} we denote the infinite sequence with all the entries equal to 0, are both dense in X . As F is transitive, the set { ∈ X : ω F ( ) = X } is, in fact, dense in X . Now, let ∈ X , with > 0. It suffices to find in X such that ( ) < and ω F ( )
). Following [12] , there exists a subset U ⊆ B ( ) of the form
[α( )] are sufficiently long initial segments of α (1) α( ), respectively. Now, set
In order to complete the proof of our theorem, it suffices to show that the map 3 has the property that ω 3 :
=0 V is everywhere discontinuous. Recall that 3 :
=0 V is topologically conjugate to the map F : X → X , such that 3 ( ) = ( −1 • F • )( ), and the following diagram commutes:
Since A = { ∈ X : ω F ( ) = X } is dense in X , and
=0 V is a homeomorphism, it follows that
Theorem 3.3.
Proof. Since the set of points of continuity for any map between two metric spaces is of type G δ , it suffices to show that C is dense in C(2 N ). Let ∈ C(2 N ), with > 0. We find in C (2 N ) such that ∈ B ( ) and with the property that for any ∈ 2 N there exists an open set U containing such that ω U is a constant.
Since is continuous on 2 N compact, is uniformly continuous there. Take 0 < η < such that | ( ) − ( )| < whenever and are in 2 N , and | − | < η. Now, let U 1 U be pairwise disjoint clopen subsets of 2 N such that =1 U = 2 N , and diam(U ) < η for all . For each , fix ∈ U . We define : 2 N → 2 N such that U = ( ) = .
Since | ( ) − ( )| < whenever and are contained in U , it follows that ∈ B ( ). If ∈ 2 N , then there exists ∈ {1 2 } such that ∈ U . The set U is open, and since (U ) = is a constant, it follows that ω( ) = ω( ) for all ∈ U . Theorem 3.4 reproduces a result found in [3] . We include it since our proof is direct and involves only minor modification of that for Theorem 3.3. 
G , then has no Li-Yorke pair.
We first show that G is dense. Let ∈ C (2 N ) with > 0 and ∈ N. Since is continuous on 2 N compact, there exists 
Corollary 3.5.
The generic ∈ C (2 N ) has zero topological entropy and it is Devaney chaotic on no subsystem. Let : X → Y be a function from a topological space X into a metric space Y , with 0 ∈ X . Then, the following are equivalent:
Devaney chaos and ω
• is continuous at 0 ,
• O ( 0 ) = 0,
• for any > 0 there exists δ > 0 such that O (B δ ( 0 )) < .
Proposition 4.3.
Let ∈ C (X ), > 0, and suppose that there exists
Let ∈ C (X ), with K ⊆ X such that K is Devaney chaotic. Define 
is dense in K , such that for any 0 in K and any δ > 0, there exists ∈ N such that ( ) ∈ B δ ( 0 ). Let 0 be a point of continuity of ω :
Corollary 4.5.
Let ∈ C (X ), with K ⊆ X such that K is Devaney chaotic. If ω : K → K(X ) has a point of continuity, then S K ⊆ I , for any > 0.
Corollary 4.6.
Let ∈ C (X ), with K ⊆ X such that K is Devaney chaotic. If ω :
This follows from the observation that S K = K .
Corollary 4.7.
Let ∈ C (X ) with K ⊆ X , such that K is Devaney chaotic. Then either
Examples Example 5.1 ([11]).
There exists a continuous function : I → I such that is Li-Yorke chaotic, and ω : I → K(I) is a Baire 1 function. Let X be an infinite ω-limit set of , necessarily a Cantor set, for which the associated simple system has non-empty interior. Then X is Li-Yorke chaotic, ω : X → K(X ) is constant as ω( ) = X for all in X , and ( X ) = 0. 
We conclude that (T ) > 0 and ω T everywhere discontinuous are not sufficient to insure that (2 N T ) is Devaney chaotic on a subsystem.
Example 5.3 ([17]).
There exists a topological dynamical system (2 N T ) such that (T ) > 0, and (2 N T ) is minimal, such that ω T : 2 N → K(2 N ) is constant. We conclude that for a topological dynamical system (2 N ), ( ) > 0 does not imply that ω : 2 N → K(2 N ) must be somewhere discontinuous.
Theorem 5.4 ([11]).
If ∈ C (I I) and ω : I → K is continuous, then is a 2 0 -function or a 2 1 -function.
Since positive topological entropy implies Li-Yorke chaos, Example 5.3 shows that Theorem 5.4 due to Bruckner and Ceder [11] does not hold for an arbitrary topological dynamical system (2 N ).
